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Instructions:  1) All questions carry equal marks. 

                        2) Answer any five full questions. 

 

1. a) Let 𝐸 be a given set. Then prove that the following statements are equivalent. 

  (i) 𝐸 is measurable. 

  (ii) Given ϵ > 0, there is an open set 𝑂 ⊃ 𝐸 such that 𝑚∗(𝑂 − 𝐸) < ϵ. 

  (iii) There is a 𝐺δ set 𝐺 ⊃ 𝐸 such that 𝑚∗(𝐺 − 𝐸) = 0. 

b) Show that Cantor ternary set has measure zero.                                                              

                                                                                                                                      (7+7)        

   

2. a) Prove that (𝑎, ∞) is measurable. 

b) Prove that union of two measurable set is measurable.  

c) If 𝐸 is a measurable set and 𝑦 ∈  ℝ, then prove that 𝐸 + 𝑦 is measurable. 

                                                                                                                                  (6+4+4) 

3. a) If 𝑓, 𝑔 are measurable functions on a measurable set 𝐸 and 𝑐 is any real number, then prove that 

𝑐𝑓, 𝑓 + 𝑔 and 𝑓𝑔 are measurable.  

b) Let 𝑓 be a function defined on a measurable set 𝐸. Then prove that 𝑓 is measurable if and only if 

for any open set 𝐺 in ℝ, 𝑓−1(𝐺) is measurable.   

                                                                                                                                         (8+6) 

4. a) Let 𝑓 ≥ 0 be measurable. Then show that there exists a sequence {𝜙𝑛} of simple functions such that 

𝜙𝑛 → 𝑓. 

b) Let 𝐸 be a measurable set with 𝑚(𝐸) < ∞ and {𝑓𝑛} be a sequence of measurable functions defined 

on 𝐸. Let 𝑓 be a real-valued measurable function defined on 𝐸 such that 𝑓𝑛(𝑥) → 𝑓(𝑥) for each 𝑥 ∈

 𝐸. Then prove that for given 𝜖 > 0 and 𝛿 > 0, there is a measurable set 𝐴 ⊂  𝐸 with 𝑚(𝐴) < 𝛿 and 

an integer 𝑁 such that | 𝑓𝑛(𝑥)  −  𝑓 (𝑥)|  < ϵ, ∀𝑥 ∈ 𝐸 − 𝐴 and ∀𝑛 ≥ 𝑁. 

                                                                                                                                       (7+7) 

5. a) Let 𝑓 be a bounded function defined on a measurable set 𝐸. Then show that 𝑓 is measurable if and 

only if 𝑓 is Lebesgue integrable. 

b)  State and prove bounded convergence theorem.  

                     (8+6) 
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6. a) State and prove Lebesgue dominated convergence theorem. 

b) If 𝑓 and g are non-negative measurable functions defined on 𝐸, then prove that  

(𝑖) ∫ 𝑐𝑓

 

𝐸

= 𝑐 ∫ 𝑓

 

𝐸

 for any constant 𝑐 ≥ 0 and (𝑖𝑖) ∫(𝑓 + 𝑔)

 

𝐸

= ∫ 𝑓

 

𝐸

+ ∫ 𝑔

 

𝑔

 

                      (𝑖𝑖𝑖) If 𝑓 ≤ 𝑔 a.e, then ∫ 𝑓
 

𝐸
= ∫ 𝑔

 

𝐸
. 

                                                                                                                                                                  

                                                                                                                                                    (6+8) 

7. a) Prove that every bounded monotone function is a function of bounded variation and every absolutely 

continuous function is a function of bounded variation.  

b) Let 𝑓 be an increasing real-valued function defined on [𝑎, 𝑏]. Then show that  𝑓 is differentiable 

almost everywhere, the derivative 𝑓′ is measurable and 

∫ 𝑓′

𝑏

𝑎

(𝑥)𝑑𝑥 ≤ 𝑓(𝑏) − 𝑓(𝑎). 

                        (6+8) 
       

8. a) Let 𝑓 be an integrable function defined on [𝑎, 𝑏]. If ∫ 𝑓(𝑡)𝑑𝑡 = 0
𝑥

𝑎
 for all 𝑥 ∈ [𝑎, 𝑏]. Then prove 

that 𝑓 = 0 almost everywhere on on [𝑎, 𝑏]. 

b) Let 𝑓 be an absolutely continuous function on [𝑎, 𝑏]. Then show that 𝑓 is an indefinite integral of 

some integrable function. 

 

                                   (7+7) 
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